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SOLVED AND UNSOLVED PROBLEMS IN GENERALIZED
NOTIONS OF AMENABILITY FOR BANACH ALGEBRAS
YONG ZHANG
Abstract. We survey the recent investigations on (bounded, sequential) ap-
proximate amenability/contractibility and pseudo-amenability/contractibility
for Banach algebras. We will discuss the core problems concerning these no-
tions and address the significance of any solutions to them to the development
of the field. A few new results are also included.
1. Introduction
The concept of amenability for Banach algebras was introduced by B. E. John-
son in 1972. Since his groundwork [25] was published, the notion has proved to be
of enormous importance in the theory of Banach algebras, operator algebras and
abstract harmonic analysis. It reflects intrinsic features of many types of Banach
algebras. For example, The group algebra L1(G) on a locally compact group G is
amenable if and only if G is an amenable group [25]; the Fourier algebra A(G) is
amenable if and only if G has an abelian subgroup of finite index [28, 13]; a uniform
algebra is amenable if and only if it is isomorphic to C0(X) for a locally compact
Hausdorff space X [35]; a C*-algebra is amenable if and only if it is nuclear [5, 22].
However, it has been also realized that in many instances amenability is too restric-
tive. It is essentially a kind of finiteness condition on a Banach algebra. Many efforts
have been made in the literature to extend or to modify the concept of amenability.
Weak amenability was introduced in [1]; n-weak amenability was introduced in [7];
Operator amenability was introduced in [31] and Connes amenability in [24, 27, 32].
In this survey paper we will focus on generalized amenability for Banach algebras,
discussing solved and unsolved problems in this recently developed field.
Let A be a Banach algebra and let X be a Banach A bimodule. A linear
mapping D: A → X is a derivation if it satisfies D(ab) = aD(b) + D(a)b for all
a, b ∈ A. Given an x ∈ X , the mapping adx: a 7→ ax− xa (a ∈ A) is a continuous
derivation, called an inner derivation. The algebra A is called contractible if every
continuous derivation D: A → X is inner for each Banach A bimodule X [23, 2].
The algebra A is called amenable if every continuous derivation D: A → X∗ is
inner for each Banach A bimodule X , where X∗ is the dual module of X [25]. So
far the only known contractible Banach algebras are the direct sums of finite full
matrix algebras. We call a derivation D: A → X approximately inner if there is a
net (xi) ⊂ X such that, for each a ∈ A,
(1) D(a) = lim
i
adxi(a) (i.e. D(a) = lim
i
axi − xia)
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in the norm topology of X . If in the above definition (xi) can been chosen so that
(adxi) is bounded as a net of operators from A into X (note (xi) is not necessarily
bounded in the case), then D is called boundedly approximately inner. If (xi) can
been chosen to be a sequence, then D is called sequentially approximately inner. In
the definition we may require the limit in (1) hold in other topologies of X . For
example, if the convergence of (1) is only required in weak topology of X , then we
call D weakly approximately inner ; If X is a dual A-module and the convergence
of (1) is only required in weak* topology of X , then we call D weak* approximately
inner. If the convergence of (1) is uniform in a on the unit ball of A, then we call
D uniformly approximately inner.
Definition 1.1. A Banach algebra A is called (resp. boundedly, sequentially,
uniformly or weakly) approximately contractible if every continuous derivation D:
A → X is (resp. boundedly, sequentially, uniformly or weakly) approximately inner
for each Banach A-bimodule X .
We will sometimes abbreviate the phrase (boundedly, sequentially, uniformly or
weakly) approximately contractible to (bdd., seq., unif. or w.) a. c..
Definition 1.2. A Banach algebra A is called (resp. boundedly, sequentially,
uniformly or weak*) approximately amenable if every continuous derivation D:
A → X∗ is (resp. boundedly, sequentially, uniformly or weak*) approximately
inner for each Banach A-bimodule X .
We may also use the abbreviated notation (bdd., seq., unif., or w*.) a. a. to
denote (boundedly, sequentially, uniformly or weak*) approximately amenable.
These approximate versions of amenability and contractibility were introduced
by F. Ghahramani and R. Loy in [14]. For a Banach algebra A, we may associate
a unit e to it to consider its unitization algebra A♯ = A ⊕ Ce. Clearly, A is
approximately contractible/amenable in any of the above modes if and only if A♯
is. In section 4 we will see examples of approximately amenable but not amenable
Banach algebras.
Given a Banach algebra A, the projective tensor product A⊗ˆA is naturally
a Banach A bimodule. The multiplication mapping π: A⊗ˆA → A defined by
π(a⊗ b) = ab (a, b ∈ A) is a contractive A bimodule morphism. It is known that A
is contractible if and only if there is u ∈ A⊗ˆA such that au−ua = 0 and π(u)a = a
for all a ∈ A [23]. Such u is called a diagonal for A. It is also well-known that A is
amenable if and only if there is a bounded net (ui) ⊂ A⊗ˆA such that aui−uia→ 0
and π(ui)a → a for all a ∈ A [26]. Such net (ui) is called a bounded approximate
diagonal for A. Hence, contractibility and amenability may be defined in terms of
the existence of a diagonal and the existence of a bounded approximate diagonal,
respectively. These characterizations provide another way to generalize amenability
for Banach algebras.
Definition 1.3. A Banach algebra A is called pseudo-amenable (briefly, ps. a.)
if it has an approximate diagonal, i.e. if there is a net (ui) ⊂ A⊗ˆA such that
aui − uia → 0 and π(ui)a → a for all a ∈ A. The algebra A is called pseudo-
contractible (briefly, ps. c.) if it has a central approximate diagonal, i.e. if there is
a net (ui) ⊂ A⊗ˆA such that aui − uia = 0 and π(ui)a→ a for all a ∈ A.
The qualifier bounded prefixed to the above notions specifies that there is a
constant K > 0 such that the net (ui) may be chosen so that ‖aui − uia‖ ≤ K‖a‖
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and ‖π(ui)a‖ ≤ K‖a‖ for all a ∈ A. The qualifier sequential prefixed to the notions
will indicate that (ui) is a sequence. Pseudo-amenability and pseudo-contractibility
were introduced by F. Ghahramani and the author in [18].
There are many pseudo-amenable and pseudo-contractible Banach algebras which
are not amenable and not even approximately amenable. The simplest example is
ℓ1 with the pointwise multiplication.
Some of the above generalized versions of amenability are equivalent. Some are
the same if the Banach algebra has a bounded approximate identity. In Section 2
we will discuss these relations. In Section 3 we focus on elementary properties of
generalized amenability, while in Section 4 we discuss generalized amenability of
concrete types of Banach algebras.
2. Relations
It was shown in [20] that a Banach algebra A is amenable if and only if for
every Banach A bimodule X and every continuous derivation D: A → X there is a
bounded net (xi) ⊂ X such that adxi approachesD in the strong operator topology,
i.e. D(a) = limi axi − xia in the norm topology of X for each a ∈ A. This implies
that every amenable Banach algebra is boundedly approximately contractible. By
the principle of uniform boundedness we also see thatA is boundedly approximately
amenable/contractible if it is sequentially approximately amenable/contractible. In
general, we clearly have the following implications.
(2) contractible⇒
{
amenable
seq. a. c.
}
⇒
{
seq. a. a.
bdd. a. c.
}
⇒
{
bdd. a. a.
a. c.
}
⇒ a. a. ,
(3) contractible⇒ unif. a. c. , and amenable⇒ unif. a. a.
It is not trivial but turns out that the converses of the two implications in (3)
are also true.
Theorem 2.1. Let A be a Banach algebra.
(1) If A is uniformly approximately contractible, then it is contractible [14].
(2) If A is uniformly approximately amenable, then it is amenable [30] [15].
In fact, it was left open in [14] whether or not the second assert of the above
theorem was true. The proofs given in [30] and [15] are quite different. Regarding
the implication chain (2), we point out first that, so far, all known approximately
amenable Banach algebras are boundedly approximately contractible. The follow-
ing theorem clarifies some equivalences.
Theorem 2.2 ([15]). For a Banach algebra A the following are equivalent
(1) A is approximately contractible;
(2) A is approximately amenable;
(3) A is weakly approximately contractible;
(4) A is weak* approximately amenable.
We may discuss further the equivalence in the cohomology setting. Let A be a
Banach algebra and X be a Banach A bimodule. For each integer n ≥ 1, we denote
by Ln(A, X) the linear space of all bounded n-linear functionals from An into X .
The space Ln(A, X) may be equipped with various topologies. For example, we
may consider the operator uniform norm topology, the strong operator topology or
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the weak operator topology on Ln(A, X), and we will denote the result topological
vector spaces, respectively, by Lnu(A, X), L
n
s (A, X) and L
n
w(A, X). Consider the
complex
0
δ0
→ X
δ1
→ L1(A, X)
δ2
→ L2(A, X)
δ3
→ . . .
δn
→ Ln(A, X) . . . ,
where δn: Ln−1(A, X)→ Ln(A, X) is the linear mapping (see [25] or [6] for details)
defined by
δnT (a1, a2, . . . , an) =a1T (a2, . . . , an) +
n−1∑
i=1
(−1)iT (a1, . . . , aiai+1, . . . , an)
+ (−1)nT (a1, . . . , an−1)an (ai ∈ A, i = 1, 2, . . . , n).
We will use δnX instead of δ
n if we need to highlight that the ground module in
the complex is X . Clearly δn is continuous if we equip all Ln(A, X) (n = 1, 2, . . .)
with the u-, s-, or w-topology. So ker(δn+1) is closed in Ln(A, X) in each of
these topologies. Hence cl(Im δn) ⊂ ker(δn+1), where cl denotes the closure in any
of the above topologies. Let us focus on the strong operator topology case, and
denote the closure in this topology by cls. DefineH
n
s (A, X) = ker(δ
n+1)/cls(Im δ
n).
Clearly, to say A being approximately amenable is to say H1s (A, X
∗) = {0} for each
Banach A-bimodule X , and to say A being approximately contractible is to say
H1s (A, X) = {0} for each such X . The proof of the following lemma is tedious and
hence is omitted.
Lemma 2.3. Let T ∈ Lns (A, X) (n ≥ 1). Suppose that (Φα) ⊂ L
n−1
s (A, X
∗∗)
such that limα δ
nΦα = T in the strong operator topology. Then there is a net
(Ψβ) ⊂ L
n−1
s (A, X) such that limβ δ
nΨβ = T in the weak operator topology.
With this lemma we can have the following extension of Theorem 2.2 in the
cohomology setting.
Theorem 2.4. Let A be a Banach algebra and n ≥ 1. If Hns (A, X
∗) = {0} for
each Banach A-bimodule X, then Hns (A, X) = {0} for each such X.
Proof. If Hns (A, X
∗) = {0} for each Banach A-bimodule X , then Hns (A, X
∗∗) =
{0} for each Banach A-bimodule X . Hence for any T ∈ ker(δn+1X ) ⊂ ker(δ
n+1
X∗∗ ),
there is a net (Φα) ⊂ L
n−1
s (A, X
∗∗) such that limα δ
nΦα = T in the strong
operator topology. Apply Lemma 2.3. We obtain a net (Ψβ) ⊂ L
n−1
s (A, X)
such that limβ δ
nΨβ = T in the weak operator topology. Therefore ker(δ
n+1
X ) ⊂
clw(Im (δ
n
X)). From [12, VI.1.5], we have clw(Im (δ
n
X)) = cls(Im (δ
n
X)). So we have
shown ker(δn+1X ) ⊂ cls(Im (δ
n
X)). Thus H
n
s (A, X) = {0}. 
After Theorems 2.1 and 2.2, if we combine equivalent notions in the implication
chains (2) and (3), then the chains are reduced simply to the following chain.
(4) contractible⇒
{
amenable.
seq. a. c.
}
⇒
{
seq. a. a.
bdd. a. c.
}
⇒ bdd. a. a.⇒ a. a.
Some partial converses of this reduced chain are true.
Theorem 2.5 ([15]). Let A be a separable Banach algebra. Then A is sequen-
tially approximately amenable (resp. sequentially approximately contractible) if it
is boundedly approximately amenable (resp. boundedly approximately contractible).
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One cannot expect the above result holds without the condition of separability
of A. In fact, any amenable Banach algebra without sequential approximate iden-
tity is boundedly approximately contractible but not sequentially approximately
contractible. Some convolution semigroup algebras are boundedly approximately
amenable but not sequentially approximately amenable [4]. We also note that some
Feinstein algebras are sequentially approximately contractible but not amenable
[15]. There are two major open questions regarding the converses of the chain (4).
Question 1. Is there an approximately amenable Banach algebra which is not
boundedly approximately amenable?
Question 2. Is there a boundedly approximately amenable Banach algebra which
is not boundedly approximately contractible?
It is known that there are pseudo-amenable and even pseudo-contractible Banach
algebras which are not approximately amenable. Here are some relations between
“pseudo” and “approximate”.
Theorem 2.6. Let A be a Banach algebra. Then
(1) A is approximately amenable if and only if A♯ is pseudo-amenable [18];
(2) A is boundedly (resp. sequentially) approximately contractible if and only
if A♯ is boundedly (resp. sequentially) pseudo-amenable [4];
(3) A♯ is pseudo-contractible if and only if A is contractible [18]. (In particular,
if A has a unit, then it is already contractible if it is pseudo-contractible.)
In general, A being pseudo-amenable seems much weaker than A♯ being pseudo-
amenable (or A being approximately amenable). But if A has a bounded approxi-
mate identity, then they are equivalent.
Theorem 2.7. Let A be a Banach algebra.
(1) If A has a bounded approximate identity, then it is approximately amenable
if and only if it is pseudo-amenable [18].
(2) A is boundedly (resp. sequentially) approximately contractible if and only
if it is boundedly (resp. sequentially) pseudo-amenable and has a bounded
approximate identity.
Proof. We prove part (2) for the sequential case. The proof for the other case is
given in [16]. If A is sequentially approximately contractible, then, considering the
derivation a 7→ a⊗ e − e ⊗ a, we may obtain a sequence (un) ⊂ A
♯⊗ˆA♯ such that
aun−una→ 0 (a ∈ A) and π(un) = e. We may write un = vn−Fn⊗e−e⊗Gn+e⊗e,
where vn ∈ A⊗ˆA, Fn, Gn ∈ A and π(vn) = Fn +Gn. By the uniform boundedness
principle, (Fn) and (Gn) are, respectively, multiplier bounded right approximate
identity and multiplier bounded left approximate identity forA. On the other hand,
by [4, Corollary 3.4] (see Theorem 3.3(2) below), A has a bounded approximate
identity (eα). This implies that (Fn) and (Gn) are bounded sequences. Let Un =
vn−Fn⊗Gn. Then it is readily seen that (Un) ⊂ A⊗ˆA is a sequential approximate
diagonal for A. So A is sequentially pseudo-amenable.
For the converse, assume that (un) ⊂ A⊗ˆA is a sequential approximate diagonal
for A. Then (π(un)) is a (multiplier bounded) approximate identity for A. It
is bounded if A has a bounded approximate identity. Now define Un,m = un +
(e − π(un)) ⊗ (e − π(um)). Then a subsequence of (Un,m) serves a sequential
approximate diagonal for A♯. By Theorem 2.6(2), A is sequentially approximately
contractible. 
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The existence of a bounded approximate identity in the above theorem cannot be
removed. For example, ℓ1 is boundedly pseudo-amenable (in fact, it is boundedly
pseudo-contractible) but it is not approximately amenable.
Question 3. Does approximate amenability imply pseudo-amenability?
The answer to Question 3 is affirmative if the algebra has a central approximate
identity ([18]). In particular, it is true if the algebra is abelian. Since every pseudo-
amenable Banach algebra has a two-sided approximate identity, Any approximately
amenable Banach algebra without a two-sided approximate identity (see Question 4
in Section 3) will be a counter-example to this implication conjecture.
Approximate amenability and pseudo-amenability do not imply weak amenabil-
ity. An example is given in [14]. But
Theorem 2.8 ([18]). If A is an approximate or pseudo amenable abelian Banach
algebra, then A is weakly amenable.
This result may be useful in studying weak amenability of an abelian Banach
algebra.
Recall that a Banach algebraA is approximately biprojective if there is a net (Tα)
of continuous bimodule morphisms from A into A⊗ˆA such that limα π ◦ Tα(a) = a
for a ∈ A [36]. We have the following relations.
Theorem 2.9. Let A be a Banach algebra.
(1) The algebra A is pseudo-contractible if and only if it is approximate bipro-
jective and has a central approximate identity [18].
(2) If A is approximately biprojective and has an approximate identity, then it
is pseudo-amenable.
Proof. To prove the second assertion, let (Tα) be the net of module morphisms
described in the definition of approximate biprojectivity, and let (eβ) be an ap-
proximate identity for A. We define u(α,β) = Tα(eβ). Then one can find a subnet
of (u(α,β)) which form an approximate diagonal for A. 
3. Some properties of generalized amenability for Banach algebras
Let A be a Banach algebra. Let X and Y be left Banach A modules. Then
B(X,Y ), the Banach space of all bounded linear operators from X into Y with the
uniform norm, is a Banach A bimodule. The module actions are defined by
a · f (x) = a(f(x)), f · a (x) = f(ax) (a ∈ A, x ∈ X, f ∈ B(X,Y )).
Theorem 3.1. Let A be an approximately amenable Banach algebra. Suppose that
f : X → Y is a bounded left A module morphism.
(1) If f has a right inverse F ∈ B(Y,X), then there is a net (fα) ⊂ B(Y,X)
of right inverses of f such that ‖a · fα − fα · a‖
α
→ 0 for all a ∈ A.
(2) If f has a left inverse H ∈ B(Y,X), then there is a net (hα) ⊂ B(Y,X) of
left inverses of f such that ‖a · hα − hα · a‖
α
→ 0 for all a ∈ A.
Proof. We prove the first assertion. The proof of the second one is similar. If A
is approximately amenable, then A# is pseudo amenable from Theorem 2.6(1). So
A# has an approximate diagonal (uα) ⊂ A
#⊗ˆA# such that π(uα) = e, where e is
the identity of A#. We extend X and Y to left A# modules by defining ex = x
for x ∈ X or Y . Let Ψ : A#⊗ˆY → X be the bounded linear operator specified by
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Ψ(a⊗ y) = aF (y) (a ∈ A# y ∈ Y ). We now define fα: Y → X by fα(y) = Ψ(uαy)
(y ∈ Y ). Then clearly fα ∈ B(Y,X) and fα is a right inverse of f . Moreover
‖(a · fα − fα · a)(y)‖ = ‖Ψ(auαy − uαay)‖ ≤ ‖F‖‖auα − uαa‖‖y‖
for a ∈ A and y ∈ Y . Therefore, ‖a · fα − fα · a‖
α
→ 0 (a ∈ A). 
Using Theorem 3.1 directly or using Theorem 2.2, we can derive an improvement
of [14, Theorem 2.2] as follows.
Theorem 3.2. Suppose that A is approximately amenable. Let
Σ : 0→ X
f
→ Y
g
→ Z → 0
be an admissible short exact sequence of left Banach A modules. Then Σ approxi-
mately splits. That is, there is a net (gα): Z → Y of right inverse maps to g such
that limα(a · gα − gα · a) = 0 for all a ∈ A.
3.1. Approximate identities. From the definition it is easy to see that a pseudo-
amenable Banach algebra has a two-sided approximate identity, and a pseudo-
contractible Banach algebra has a central approximate identity. For approximately
amenable Banach algebras we have the following.
Theorem 3.3. Let A be a Banach algebra.
(1) If A is approximately amenable, then it has a left and a right approximate
identities [14];
(2) If A is boundedly (resp. sequentially) approximately contractible, then it
has a bounded approximate identity (resp. sequential bounded approximate
identity) [4].
In fact, all known approximately amenable Banach algebras have a bounded
approximate identity. However, we do not know this is true in general or not.
Question 4. Does every approximately amenable Banach algebra have a two-sided
approximate identity? Does it have a bounded approximate identity?
There were some partial results to answer the question in [15]. It is interesting
to mention here that if A⊕A is approximately amenable, then A must have a two-
sided approximate identity [15]. So the above question links to Question 6 below.
In Fre´chet algebra setting, an approximately amenable Fre´chet algebra which has
no bounded approximate identity was constructed in [29].
Question 5. If A is boundedly approximately amenable, does it have a multiplier-
bounded approximate identity?
If the answer to Question 5 is affirmative, then a boundedly approximately
amenable Banach algebra must have a bounded approximate identity [4, Theo-
rem 3.3]. If the answer is negative, then we may answer Question 2 in the negative
by Theorem 3.3(2).
3.2. Direct sum and tensor product. A notable property of pseudo-amenability
and pseudo-contractibility is that the two classes are closed under taking c0 and ℓ
p
direct sums.
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Theorem 3.4 ([18]). If {Aα : α ∈ Γ} is a collection of pseudo-amenable/pseudo-
contractible Banach algebras, then
p
⊕α∈ΓAα, the ℓ
p direct sum of the collection, is
pseudo-amenable/pseudo-contractible for any 1 ≤ p < ∞ or p = 0 (here ℓ0 means
c0).
Approximate amenability lacks this property. For example, even ℓ1, the ℓ1-
direct sum of C, is not approximately amenable. But we conjecture that the class
of approximately amenable Banach algebras should be closed under taking finite
direct sums. This is true for bounded approximate contractibility.
Theorem 3.5 ([4]). If A and B are boundedly approximately contractible, then so
is A⊕ B.
For approximate amenability we only have a partial result.
Theorem 3.6 ([15]). If A and B are approximately amenable and one of them has
a bounded approximate identity, then A⊕ B is approximately amenable.
Question 6. Is A⊕ B approximately amenable if both A and B are?
It was shown in [14] that, if A is approximately amenable and has a bounded
approximate identity and if B is amenable, then A⊗ˆB is approximately amenable.
Besides this, little has been known about generalized amenability of tensor products
of Banach algebras. Here we have the following.
Theorem 3.7. If A and B are boundedly pseudo-contractible, then so is A⊗ˆB.
Proof. Let (uα) ⊂ A⊗ˆA and (vβ) ⊂ B⊗ˆB be central approximate diagonals such
that (π(uα)) and (π(vβ)) are multiplier bounded approximate identities for A and
B, respectively. Suppose uα =
∑
i a
(α)
i ⊗ c
(α)
i and vβ =
∑
i b
(β)
i ⊗ d
(β)
i . Define
U(α,β) =
∑
i,j
(aαi ⊗ b
β
j )⊗ (c
α
i ⊗ d
β
j )
Then (U(α,β)) ⊂ (A⊗ˆB)⊗ˆ(A⊗ˆB). One may check that (U(α,β)) is a central approx-
imate diagonal for A⊗ˆB and π(U(α,β)) = π(uα) ⊗ π(vβ) is a multiplier bounded
approximate identity for A⊗ˆB. 
Question 7. Is A⊗ˆB approximately amenable (resp. pseudo-amenable) if both A
and B are?
3.3. Ideals. Most of the hereditary properties asserted in the following theorem
are easy to see and can be found in [14, 18].
Theorem 3.8. Let A be a Banach algebra and J be a closed ideal of A.
(1) If A is a. a., b. a. a., seq. a. a., b. a. c., seq. a. c., ps. a., ps. c., b. ps.
a., b. ps. c., seq. ps. a. or seq. ps. c., then so is A/J .
(2) If A is a. a., b. a. a., b. a. c., ps. a. or b. ps. a., then so is J if J has a
bounded approximate identity.
(3) If A is ps. c. (resp. b. ps. c. or seq. ps. c.), then so is J if J has a (resp.
multiplier-bounded or sequential) central approximate identity.
Question 8. If there is a Banach algebra homomorphism T : A → B such that
T (A) is dense in B, and if A is approximately amenable (resp. pseudo-amenable
etc.), is B approximately amenable (resp. pseudo-amenable etc.)?
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The existence of approximate identities for ideals of a generalized amenable Ba-
nach algebras is an attractive topic.
Theorem 3.9 ([16]). Let A be a boundedly approximately contractible. If J is a
closed ideal of A of codimension 1. Then J has a b.a.i..
We note, unlike amenable case, the above result is false if J is merely a comple-
mented closed ideal of A. A counter-example was given in [15].
Question 9. Does Theorem 3.9 still hold if J is a finite codimensional ideal of A?
This is true if A is abelian, since in the case A/I is a finite dimensional con-
tractible abelian algebra. There are finite 1-codimensional ideals Ii of A, i =
1, 2, · · · , n, such that I = ∩ni=1Ii.
For approximate or pseudo amenability, we only know some results ensuring
one-sided approximate identities for ideals.
Theorem 3.10. Let A be a Banach algebra and J be a closed left (resp. right)
ideal of A.
(1) If A is approximately amenable and J is weakly complemented in A, then
J has a right (resp. left) approximate identity [14].
(2) If A is pseudo-amenable and J is boundedly approximately complemented
in A, then J has a right (resp. left) approximate identity; if A is pseudo-
contractible and J is approximately complemented in A, then J has a right
(resp. left) approximate identity [18].
If J is a two-sided ideal ofA, then it has both right and left approximate identities
under the condition of the above theorem. There is no clue whether it has a two-
sided approximate identity.
Question 10. Let A be pseudo-amenable or be approximately amenable with an
approximate identity. When does a closed ideal of A have a two-sided approximate
identity?
4. Generalized amenability of classical Banach algebras
4.1. Algebras associated to locally compact groups. There is no difference
between generalized amenability and amenability for group algebras.
Theorem 4.1 ([14, 18]). Let G be a locally compact group. Then
(1) the group algebra L1(G) is approximately amenable or pseudo-amenable if
and only if it is amenable.
(2) the measure algebra M(G) is approximately amenable or pseudo-amenable
if and only if G is discrete and amenable.
(3) the second dual algebra L1(G)∗∗ is approximately amenable or pseudo-amenable
if and only if G is a finite group.
Consider the Fourier algebras A(G). It is well known that A(G) is not neces-
sarily amenable if G is an amenable group, even G is compact. Amenability of
A(G) has recently been characterized in [28, 13]. There are pseudo-amenable but
not approximate amenable Fourier algebras (e.g. A(F2) [4]), and there are ap-
proximately amenable but not amenable Fourier algebras (e.g. on some amenable
discrete groups).
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Theorem 4.2 ([17]). If G has an open abelian subgroup, then
(1) A(G) is pseudo-amenable if and only if it has an approximate identity.
(2) A(G) is approximately amenable if G is amenable.
Question 11. How to characterize pseudo-amenability and approximate amenabil-
ity for A(G)?
Since pseudo-amenability and approximate amenability both imply weak amenabil-
ity for A(G), answers to this question may shed light on the investigation of weak
amenability of A(G).
A nontrivial Segal algebra is never amenable since it has no bounded approxi-
mate identity. In fact, from Theorem 3.3(2) it is never boundedly approximately
contractible. But it can be pseudo-amenable and pseudo-contractible.
Theorem 4.3 ([18, 4]). Let S1(G) be a Segal algebra on a locally compact group
G.
(1) S1(G) is pseudo-contractible if and only if G is a compact group.
(2) If S1(G) is pseudo-amenable or approximately amenable, then G is an
amenable group.(see also [34])
(3) If G is an amenable SIN-group, then S1(G) is pseudo-amenable.
It is unknown whether or not S1(G) is always pseudo-amenable when G is an
amenable group. It has been pointed out in [4] that a nontrivial symmetric Segal
algebra is never boundedly approximately amenable. It was shown in [11] that ℓp(E)
with pointwise multiplication is not approximately amenable if E is an infinite set
and p ≥ 1. This implies that the Segal algebra L2(G) on an infinite compact
abelian group G is not approximately amenable due to the Plancherel Theorem.
We also know that the Feichtinger Segal algebra on a compact abelian group is not
approximately amenable [4], some Segal algebras on the circle are not approximately
amenable [10], and a nontrivial Segal algebra on Rn is not approximately amenable
[3]. All these partial results suggest that the answer to the following question might
be possible.
Question 12. Is it true that every nontrivial Segal algebra is not approximately
amenable?
Let ω be a continuous weight function on a locally compact group G. Let Ω(x) =
ω(x)ω(x−1) (x ∈ G). N. Grønbæk showed in [21] that the Beuring algebra L1(G,ω)
is amenable if and only if L1(G,Ω) is amenable if and only if Ω is bounded and
G is an amenable group. Since L1(G,ω) has a bounded approximate identity,
from Theorem 2.2, approximate amenability and pseudo-amenability are the same
for it. One can see some results regarding generalized amenability of L1(G,ω) in
[14, 15, 16]. So far there is no example of approximately amenable but not amenable
Beuring algebras.
Question 13. Is it true that L1(G,ω) is approximately amenable (pseudo-amenable)
if and only if it is amenable?
4.2. Semigroup algebras. Let S be a semigroup. Consider the semigroup alge-
bra ℓ1(S). Amenability of ℓ1(S) has recently been characterized in [9]. There are
boundedly approximately contractible semigroup algebras which are not amenable,
and there are pseudo amenable but not approximately amenable semigroup alge-
bras. The study of generalized amenability of semigroup algebras is still far away
from completion.
GENERALIZED AMENABILITY 11
Theorem 4.4 ([15]). If ℓ1(S) is approximately amenable, then S is a regular and
amenable semigroup.
We have known that the bicyclic semigroup S1 =< a, b : ab = 1 > is regular
and amenable, but ℓ1(S1) is not approximately amenable [19]. Let Λ∨ be the
semigroup of a totally ordered set with the product a ∨ b = max{a, b} (a, b ∈ Λ∨).
the semigroup algebra ℓ1(Λ∨) is boundedly approximately contractible, but if Λ∨
is an uncountable well-ordered set, then ℓ1(Λ∨) is not sequentially approximately
amenable [4]. Let Sb be a Brandt semigroup over a group G with an index set I.
Then ℓ1(Sb) is pseudo-amenable if G is amenable; If I is infinite, then ℓ
1(Sb) is not
approximately amenable [33].
Question 14. How to characterize approximate amenability and pseudo-amenability
of a semigroup algebra?
4.3. Other algebras. Let H be a Hilbert space of infinite dimension. For each
p ≥ 1, it has been shown in [3] that the Schatten p-class algebra Sp(H) is not
approximately amenable. Let X be an infinite metric space and let 0 < α ≤ 1.
Then both Lipschitz algebrasLipα(X) and lipα(X) are not approximately amenable
[15, 3]. Since Lipα(X) and lipα(X) are unital, they are not pseudo-amenable.
To the author’s knowledge, so far there is no investigation in the literature about
generalized amenability of uniform algebras.
Question 15. Is there a non-amenable but approximately amenable or pseudo-
amenable uniform algebra?
Since uniform algebras are abelian, due to Theorem 2.8, the above question re-
lates closely to a well-known open question asking whether there is a non-amenable
uniform algebra that is weakly amenable.
Let X be a Banach space. Denote by K(X) the Banach algebra of compact op-
erators on X with the composition multiplication and the operator norm topology.
We wonder if there is an X such that K(X) is not amenable but approximately
amenable or pseudo-amenable. In general, the following question is open.
Question 16. When isK(X) approximately amenable? When is it pseudo-amenable?
Let G be a discrete group. The reduced group C* algebra C∗r (G) (and the full
group C* algebra C∗(G)) is approximately amenable if and only if it is amenable
[4]. From Theorem 2.7, for a general C*-algebra, approximate amenability is the
same as pseudo-amenability since it has a bounded approximate identity. We end
the paper with the following question.
Question 17. Is there an approximately amenable but not amenable C*-algebra?
If yes, how to characterize approximate amenability for a C* algebra?
This paper is based on a lecture delivered at the 19th International Conference on
Banach Algebras held at Be¸dlewo, July 14–24, 2009. The support for the meeting
by the Polish Academy of Sciences, the European Science Foundation under the
ESF-EMS-ERCOM partnership, and the Faculty of Mathematics and Computer
Science of the Adam Mickiewicz University at Poznan´ is gratefully acknowledged.
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